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Fi16. 1. Typical cracks in
Gothic vaults. Pol Abra-
ham distinguished be-
tween the tensile cracks
near the crown, the
‘Sabouret cracks’ parallel
to the wall ribs, and the
separation of the vault
from the walls.
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There are three identifiably different types of crack which can occur in
masonry vaults. Fig. 7 reproduces Pol Abraham’s drawing' of a typical
quadripartite bay, and his identification of the cracks, which all run
roughly east/west, is as follows.

1. There ate the cracks in the main barrel of the vault, in the region of the
crown, and often running through the main transverse arches and
through the diagonal ribs near the key-stone. For more pointed
arches, these cracks occur at some distance away from the crown.

2. There are the cracks that Abraham called fissures de Sabouret?, parallel to
the wall ribs but some way in from the wail.

3. There is often complete separation of the vault web from the north
and south walls, so that, standing on top of the vault, one may view the
floor of the church below.

All three of these types of crack may have existed for many years, ot for
centuries, in the vaults of a particular church. They do not, in themselves,
indicate that the vaults are in a dangerous state; rather, they are all related,
and arise from a simple pattern of movement that has occurred in the past
and that is not necessarily continuing. The characteristics of masonry that
are essential for the formulation of a structural analysis have been noted

elsewhere.® Briefly, the stresses which arise in masonty in normal '

construction are extraotdinarily low compared with the basic crushing
strength of the stone. Indeed the stress levels are so low that it is
convenient, and only very slightly unsafe, to assume that the material is,
effectively, infinitely strong in compression. On the other hand, the
material is very weak in tension; the stones themselves may be strong, but
they are assembled with weak mortar, or with no mortar at all. As a
balancing assumption about the material behaviour it is convenient, then,
but only slightly on the safe side, to regard masonry as incapable of
sustaining any tensile stress.

Thus a picture emerges of masonry as an assemblage of small pieces of
stone, cut to pack together in a coherent structural form, with that form
maintained by compressive forces transmitted within the mass of
material, but liable to crack should any tensile forces try to develop. Thus
a first requirement of any structural theory of masonry is that it should
model accurately this material behaviour. The results, for example, of a
conventional theory which assumes similar behaviour in tension and
compression, will give results which at best will be only partially relevant
to the behaviour of the real structure.

However, there is a deeper requirement for a proper theory of the
behaviour of masonry. Masonry structures are obviously ‘redundant’, in
the technical sense that, given a particular set of loads, there can exist
many different solutions (in fact an infinite number) for the distribution of
force within the structure, any one of which will satisfactorily carry the

applied loading. The acsua/ pattern of fo1?cc withina structu.re'will depenj
on the precise way the structure was built and on the way it is supporte
externally. In order, then, to calculate this actual §tate, tl.le engineer necgs
a great deal of detailed information, some of w?uch by its nature may be
difficult, or impossible, to obtain. What the engineer usually doe.s, 1r.1 f_act,
is to assume that his structure (as it might be 2 nave vault) is f:gldly
attached to rigid supports (the piers and flying buttresses), or,. 1f bc is very
sophisticated, he may make some notional éllowancc for flexibility o'f tlh.e
supports; he will then assume, almost ccrta}nly, th.at the‘vault'mz:terfa is
elastic and homogeneous; and finally he will obtafn .hls sc_)lunon , either
analytically, using perhaps finite elements i.n association with a con.lput:r
program, or perhaps experimentally, using a physical model in the
ry.
lablzl:\:lo if\ the first place this ‘solution’ is heavily dependent on thg
engineer’s assumptions; very small changes in the way the vault is
connected to the piers, or in the flexibility (if a.ny) allc.wvcid ft?r the
buttressing system, can lead to very large changes in t}'m dlstt'.xbutlon of
forces within the structure. Moreover, even if the engineer did have an
exact description of his structure, the mere passage 'of time \:vould’render
that description obsolete; a small settlement of a pier, or a h?rch of tl:ne
whole building during a gale, would necessitate a new calcula,non. Itis, in
this sense, meaningless to ask for a description of the -‘actual state of the
structure, since the state will be different at different tlmc.s. The best that
can be said for a conventional elastic solution is that it does at least
describe one possible state of equilibrium for the structure.

In this situation there is comfort to be found in the ‘plastic’ t.heorems of
structural behaviour. The plastic theory was first developed in response
to very similar observations of the behaviour of steel structures. Sma.ll
constructional defects can, in theory, have very large effects on elastic
stress distributions, but it does not seem reasonable to suppose that such
small defects can have any real effect on the overall strength of a stc.cl
frame. This common-sense view is supported completely by the plz,\stxc
theotems, of which the essential is the ‘safe’ ?r ‘lowcr-bc.)und or
‘anthropomorphic’ theorem. Stated simply, it is thxs:‘lf the engineer can
find just one way in which the structure cow/d carry its loadmg, then he
may be assured that the structure itself is equally cap’able of ﬁndll:lg such a
way. The structure’s way may not be the engineer’s way, and .mdc.:cd it
will change from time to time, as has been seen, in responsc t9 shifts in the
external environment, but that 2 way wi// be found is certain.

Viewed in this light, elastic calculations of stresses are seen not to be
meaningful as a way of assessing the stability ?f a masonry structure.
However, masonry is a material which satisfies the fun.damental
requirements for the application of plastic theory, and the way is open to
build on that theory as an alternative to the unnecessary complications of
elastic analysis. What is needed is merely the construction of a reasonable
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distribution of internal forces in equilibrium with the external loads; how
this may be done for the masonry vault is seen below.

Fig. 2a shows an incomplete circular arch that was originally fitted
perfectly between abutments. Those abutments have spread, and, in
order to accommodate itself to the increased span, the arch has cracked as
shown, forming ‘hinges’. (The drawing is, of course, grossly exagger-
ated. The cracks could be only haitline, although equally they could, in
practice, measure several millimetres.)

The three hinges in Fig. 22 have transformed a structure which initially
had three redundancies into one which is statically determinate; the
three-pin arch is a well-known and perfectly satisfactory structural form.
Morecover, whereas the original arch had an infinite number of possible
equilibrium states, there is no ambiguity about the condition of the arch
in Fig. 2a. Clearly the forces transmitted between the pieces of the arch,
and maintaining these pieces in equilibrium under the arch’s own weight,
must act through the hinge points. The line of thrust in the arch, Fig. 25,
may in fact be drawn as shown. (The line of thrust represents the shape of
an arch that would, in theory, and even if it were of infinitesimal
thickness, be able to carry the loading on the actudl arch. As long ago as
1675 Robert Hooke pointed out the equivalence, statically, of the
problem of the arch and that of the hanging cord. If a flexible string is
loaded by a succession of beads representing weights of corresponding
successive portions of the arch, then the shape of that string will be the
same, upside down, as that of the thrust line of the arch. ‘As hangs the
flexible line, so but inverted will stand the rigid arch’.)

In Fig. 3 a full semicircular arch is shown with a possible thrust line
contained within its surfaces. The ‘actual’ position of this thrust line
cannot be found without making the assumptions referred to above. The
‘safe theorem’ states that, so long as a thrust line can be drawn lying
wholly within the masonry, then the arch will be stable, and no further
analysis is necessary. (Clearly, if the arch were thinner—about half the

A

thickness sketched in Fig. 3—then it would not be possible to position a
thrust line within the masonry. In this case the arch would be of the
wrong geometrical shape to carry its own weight, and would collapse on
decentering.)

In Fig. 2c the arch of Fig. 3 has suffered an increase of span because of
spread of the abutments; Fig. 2d shows the limiting position of the thrust
line, defining the positions of the cracks in the arch. Again, the arch has
become statically determinate by the formation of three hinges.

From Figs 2 and f it will be seen that a pointed arch should,
theoretically, form four hinges under the same conditions. In fact, it is
evident that any slight asymmetry, whether of geometry or of loading,
will ensure that only one of the hinges near the crown will form. Two
adjacent hinges of this kind may always be thought of, and will usually
occur as, a single hinge formed asymmetrically slightly away from the
crown.

A simple extension of these basic ideas leads to an understanding of the
mechanics of the vault. As a first step towards this understanding, Fig. 44
shows the cross-section of a uniform cylindrical barrel vault, drawn
roughly to scale (say a vault thickness of 300 mm with a span of 15m).
The vault is supposed to be maintained by external supports, that is by
main buttresses, or by flying buttresses transferring the thrust over side
aisles. As drawn, the vault is in fact too thin to carry its own weight (in
theory, a minimum thickness of about 800 mm is required for a span of
15 m if a semi-circular arch is to be just stable); that is, although the thrust
line could be contained within the upper portion of the arch, the thrust
would ‘escape’ from the masonry in regions towards the springings.
These regions must therefore be reinforced, and ‘fill’ is shown in Fig. 42
backing the haunches of the barrel, and capable of transferring the thrust
to the buttressing system. In actual construction, the fill would be
composed of rubble (i.e. unsquared) masonry set in mortar.

In Fig. 4b the buttressing system is supposed to have given way
stightly; hinge lines will appear (¢f. Fig. %), although only one of these,
that at the crown, will be visible from within the church. Had the barrel
vault had a pointed cross-section, then again a single line of. cracking
would be visible (¢f. Fig. 2¢ and the discussion of ‘split’ hinges), this time
slightly away from the ctown of the vault. This cracking, at or near the
crown, is the first kind of chronic defect referred to at the start of this
paper, and represents therefore the trace of a hinge formed as the vault
adjusts itself to spread in its supports.
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Fic. 3. A possible line of
thrust in a circular arch.



16. 4. Crack pattern in a
ylindrical barrel vault
:sulting from yielding of
1e buttressing system.

The vault of Fig. 4 is essentially two-dimensional, in that the
cross-section was supposed to be the same down the length of the church.
Fig. 5 shows, schematically, a single square bay of 2 quadripartite vault
formed by the intersection of cylindrical bartels. In Fig. 52 an elevation of
the vault is shown; the fill, which serves the same function as before, is
placed in the vaulting conoids (¢f. the plan of Fig. 5d. The vault is of
course supposed to extend for several bays, as indicated in the plan). If
now the supports of the vault give way, that portion which runs east/west
will crack as before, Fig. 55, and the single hinge line at or near the crown,
the first kind of chronic defect, will be visible from within the church.
The change in overall geometry is accommodated by rotation of the three
hinges, with a consequent drop of the crown of the vault.

There is, however, a severe geometrical requirement imposed on the
intersecting vault which runs north/south. The horizontal soffit of this
vault was built to the original dimension of the span, but the span has now
increased. The mismatch in dimensions is zero at the vaulting conoid, and
increases to a maximum at the crown, as indicated in Fig. 5¢; the curve
shown would be a sine curve if the original vaults were circular in
cross-section, but is of roughly the same shape for vaults of any other
practical profile. The general effect of the mismatch is evident in the
elevation of Fig. 5b; from the left-hand (south) side of the plan of Fig. 54,
it will be seen that the whole of the geomettical incompatibility could be
taken up by a (sine-shaped) gap opening between the vault and the wall.
Such cracking is the third kind of chronic defect in vaults.

However, from the plan and elevation of the south side of the vault it
will be seen that the masonry adjacent to the wall is in a state of severe
strain. On plan some curvature of the masonry is required, and this could
perhaps be accommodated in part by flexing of the vault, depending on
the precise proportion of stone and mortar joints. Further, some vertical
strain will also be imposed on the north/south vault by the hinge
rotations of the east/west vault. It will be appreciated that much of this

(a)

(d)

strain will be relieved if secondary cracks open parallel to the wall cracks,
as shown in the right-hand (north) half of the plan in Fig. 54. These are
Sabouret’s cracks. A Sabouret crack and a wall crack will effectively
isolate a portion of the north/south vault, and this portion will then be
free to act as a simple arch running east/west, and spanning roughly
between adjacent vaulting conoids (although the width in practice of this
arch isolated by the cracking will depend also on other factors, including
the shape of the main cross-section of the vault).

Thus cracks of the first kind, at or near the crown, are traces of hinge
lines in a portion of the vault through which compressive forces are being
carried, the forces in fact being approximately perpendicular to the hinge
lines. The cracks of the second and third kind, however (Sabouret’s
cracks and the wall cracks), represent potential or actual complete
separation of the masonry; no forces can be transmitted across these
fissures, and the forces in fact run parallel to the cracks. The behaviour
modelled in Fig. 5 has been based upon a consideration of an idealized
quadripattite cylindrical vault having square bays. The general pathology
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Fic. 5. Crack patteras in
one compartment of a
quadripartite vault result-
ing from yielding of the
buttressing system.



300 mm by 300 mm would thus be working at a stress of about 33 kgfcm?,
still a comfortable level compared with a crushing strength of
400 kg/cm?.

Now it will be appreciated that 2 300 mm by 300 mm rib can be thought
of as contained within the main vault webs, themselves of thickness
300 mm. If, then, a vault of these dimensions is built without ribs, the
above analysis indicates that the ‘background’ shell stress in the webs, of
about 2 kg/cm?, will increase sharply in the neighbourhood of the groins
to say 30 kg/cm?. There will be a high stress concentration, but the level is
still low compared with the basic strength of the stone, and, provided the
intersection of the vault webs is sufficiently regular, and the mortar
sufficiently strong, then it is perfectly possible for the vault to succeed, so
to speak, in constructing its own skeletal ribs within itself.

The hinging cracks in Fig. 54 lead to the mismatch of geometry in the
north/south vaults, and these lead in turn to the separation of the vault
web along Sabouret’s fissures, roughly in.line in plan with the hinge
cracks. The direction of these fissures indicate that the ‘slicing’ of Fig. 6
should give a very reasonable view of the vault behaviour. However, it
should be emphasized that the vault remains a highly redundant
structure, for which, despite the indications of the cracks, it is still not
meaningful to ask for the ‘actual’ distribution of forces. What can be said
is that the pattern of Fig. 6 is in fact reasonable, and that, much more
strongly, whether the pattern is reasonable or not, calculations of vault
stability based upon that pattern are safe.
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Frg. 6. Vault ‘sliced’ into
paeallel arches for purpose
of determining primary
forces.



